A simple recursion is presented that finds exact solutions to the problem of two coupled axially-vibrating liquid-filled pipes. Fluid-structure interaction at pipe ends and junction, and along the pipe because of axial-radial Poisson contraction, is taken into account. The solutions obtained for a waterhammer problem show unprecedented details that resemble noise.
INTRODUCTION
Strong fluid-structure interaction (FSI) may happen in axially vibrating liquid-filled pipes with closed ends. At the pipe ends, pressure waves in the liquid interact with stress waves in the pipe walls. Such interaction takes also place at unrestrained junctions like pipe diameter changes and elbows (junction coupling). Second and third types of interaction occur along the entire pipe as a result of axial-radial contraction effects (Poisson coupling) and skin friction (friction coupling). The significance of the subject lies in the study of severe waterhammer events and in the altered resonant vibration of liquid-filled pipes [1] [2] [3] .
A general method is presented that finds exact solutions of the sketched problem if the wave propagations are one-dimensional and non-dispersive. Wave fronts are automatically traced back in time to a given initial situation with the aid of a simple recursion. There are no interpolations, no adjustments of system parameters and no numerical approximations. The strength of the method is the simplicity of the algorithm (recursion) and the accurate (exact) computation of transient events. Its weakness is that the computation time increases exponentially for events of longer duration.
The test problem concerns the axial vibration of two connected, different pipes, where at the junction one incident wave results in two reflected and two transmitted waves. Instantaneous valve closure generates a waterhammer impact load of the pipes. The new exact solution of the transient vibration serves as a benchmark in the verification of numerical results and schemes. Furthermore, the method can be used to perform parameter variation studies without parameter changes generated by the numerical scheme itself (e.g. changed wave speeds or pipe lengths). The present study is a combination and extension of earlier work [4] [5] . It gives for the first time exact solutions for FSI in a two-pipe system and as such is a valuable addition to the single-pipe studies [5] [6] . 
where the constants 
A full derivation of the wave speeds and the Riemann invariants can be found in [5 and 8] .
Algebraic inversion of the Eqs (5-8) yields 
SOLUTION ALGORITHM FOR A SINGLE PIPE
The analysis is in terms of the Riemann invariants η 1 , η 2 , η 3 and η 4 . Therefore, the initial and boundary conditions for V, P, η η η η = η in interior point P = (z, t), 0 < z < L, 0 < t, in the distance-time plane, is determined by the values of η 1 , η 2 , η 3 and η 4 generated at the boundary points A 1 , A 2 , A 3 and A 4 , respectively, as displayed in Fig. 1 . The value of η in the boundary points, at z = 0 or z = L, is calculated from two compatibility equations, (5, 7) or (6, 8), and two given linear boundary conditions. Because each boundary calculation is mathematically the same, the entire solution can be condensed into a simple recursion. See Appendix A. Tracing characteristic lines backwards in time, the recursion stops at time level t = 0, where η is assigned a known initial value. The general method is fully described and verified in Ref. [5] . At last, solution ( , ) z t η is decomposed into the original variables through the Eqs (12-15). 
SOLUTION ALGORITHM FOR A DOUBLE PIPE
If two different pipes (1 and 2) are connected at z = z j , the local solution vector η (P) is discontinuous and split into η1(P 
where J1 and J2 are 4 by 4 coefficient matrices and the vector r represents for instance excitation or leakage. The pipe junction is without wave reflection only if ( ) ( ) = t t J1 S1 J2 S2 and ( ) t = r 0. Conservation of volume and equilibrium of forces at an axial junction of two pipes, with cross-sectional areas A1 and A2 of fluid (f) and solid (s), is described herein by the two matrices:
Separating the unknown values ( 1 , 2 , 1 , 2 ) η η η η = k η at the junction, see Fig. 2 , gives the following relation: J2 S2  J1 S1  J2 S2   J1 S1  J2 S2  J1 S1  J2 S2  JSK  J1 S1  J2 S2  J1 S1  J2 S2   J1 S1  J2 S2  J1 S1  J2 S2   and   11  12  13  14   21  22  23  24   31  32  33  34   41  42  43  44 ( ) J2 S2  J1 S1  J2 S2  J1 S1  J2 S2  J1 S1  J2 S2  J1 S1  JSU  J2 S2  J1 S1  J2 S2  J1 S1  J2 S2 J1 S1 J2 S2 J1 S1
.
Symbolic matrix inversion of the 4 by 4 matrix JSU is possible, but not carried out herein because there is no clear advantage over a numerical inversion. Because J1 and J2 in Eq. (18) are constant matrices, JSU has to be inverted numerically only once.
The solution procedure is tracking wave paths back in time and solving the boundary and junction equations in a recursive way as described for the single pipe. The junction coupling equation (19) is now included in the recursion. The algorithm is given in Appendix A. Table 2 . Initial liquid velocities (V 0 ), classical wave speeds (c), coupled wave speeds (λ), and wave travel times (Δ t).
Pipe 1
Pipe 2 Relations Wave travel times 
.759 ms Δ t1 3 = L1/λ1 3 = 1.909 ms Δ t2 3 = L2/λ2 3 = 1.894 ms
CALCULATED RESULTS
The test problem is instantaneous valve closure in the reservoir-pipe-valve system shown in Figure 3 . The pipe is 20 m long and divided into two 10 m sections (1 and 2) with different wall thicknesses as specified in Table 1 . The wave speeds in each section are different as listed in Table 2 and the used boundary conditions are given in Table 3 . Wave reflection will occur at the junction of the two sections. Liquid waves will reflect because of the different wave speeds in the sections and solid waves will primarily reflect because of the difference in cross-sectional wall area. As a result of FSI (junction coupling), one incident wave produces two reflected and two transmitted waves. At the pipe ends, one incident wave generates two reflected waves: at z = 0 (fixed reservoir) because of Poisson coupling and at z = L (moving massless valve) because of junction coupling. The continuous double reflection brings about an exponentially growing number of wave fronts travelling in the system.
The double-pipe algorithm has been tested and successfully verified against two-pipe waterhammer (no junction and Poisson coupling [4]), one-pipe FSI (no junction [5]), and Fortran MOC results obtained with slightly modified wave speeds [9] . 
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The axial pipe stress in Fig. 6 has a large positive value as long as the pressure acting on the free closed end at z = L is large and positive. In principle, the entire solution can be calculated and explained from a detailed wave paths diagram and corresponding jump conditions [10] [11] [12] . This tremendous task is carried out automatically by the simple recursion given in Appendix A. The Figs 4-7 show an amazing amount of detail. When time increases the calculated traces give the impression to contain noise, but that is not the case: the solutions are exact. In fact, to detect all tiny details, the resolution (the number of points in the graphs) should increase when time advances. This is easy to do, because the method is mesh-free: z and t can be chosen arbitrarily.
The show spatial distributions at time t = 0.03 s. The main pressure wave, generated by the valve closure at t = 0, has reflected from the reservoir and is moving back to the valve (to the right in Figs 8-9 ). The axial stress in Fig. 10 jumps by a factor two at the junction at z = L/2, because the wall areas in pipes 1 and 2 differ by a factor two. The pipe velocity in Fig. 11 is continuous at z = L/2. 
DISCUSSION
The mathematical challenge was to obtain exact solutions in a system with an exponentially growing number of travelling discontinuities. This has been achieved by means of a simple recursion. The solutions presented for waterhammer with FSI in a two-pipe system show an amazing amount of detail, which looks like noise, but is not. In fact, the solutions mimic reality, where small imperfections in otherwise clean laboratory experiments can cause noise-like signals.
The amount of detail in the solutions increases with time, and this calls for non-uniform resolution in the graphs. This can easily be accomplished, even during the calculation, because the method is mesh-free and ideal for adaptivity.
The method is not suitable to simulate events of longer duration; the calculation time is prohibitive. A restart from a highly accurate solution obtained at time t = T may then be an option, that is, restart with initial value η 0 = η(z, T), where η(z, T) has high spatial resolution. This procedure is to the detriment of some smearing, because interpolations are needed to find the restart's initial value for arbitrary z. The restart procedure is expected to work well for gradual valve closure, but for instantaneous valve closure (travelling contact discontinuities) the interpolation error might become unacceptable.
CONCLUSION
The presented method for simulating waterhammer with FSI is able to reveal subtle differences otherwise lost in numerical error, for example deviations due to marginally thicker sections, pipe clamps, small leaks, trapped air pockets, etc. These are minor effects that may accumulate in systems with low damping rates.
The exact solutions are to be used in the verification of numerical schemes. [7] Skalak, R., 1956, "An extension of the theory of waterhammer", Transactions of the ASME 78 105-116.
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APPENDIX A
ALGORITHMS
Interior point calculation
The subroutine INTERIOR calculates η1 and η2 in the interior points of pipe 1 and 2, respectively, from the boundary and junction values. See Figs 1 and 2. Noting that λ1 2 , λ1 4 , λ2 2 and λ2 4 are negative numbers herein, the pseudo-code reads:
else "z is not an interior point" end
Boundary point calculation
The recursive subroutine BOUNDARY calculates η1 and η2 in the boundary and junction points (finally) from constant initial values η1 0 and η2 0 . See Fig. 2 . Noting that λ1 2 , λ1 4 , λ2 2 and λ2 4 are negative numbers herein, the pseudo-code reads:
is not at a boundary or junction" end
Coefficients
The boundary conditions in Table 3 are expressed in terms of general matrix-vector equations in accordance with Ref.
[5] by:
The coefficients α and β determine the unknowns η 1 ,η 3 and η 2 ,η 4 at the left and right boundaries, respectively. The coefficients γ and δ determine the unknowns η 2 ,η 4 and η 1 ,η 3 at the left and right sides of the junction, respectively. The coefficients α, β, γ and δ are defined in terms of DS (D multiplied by S, see Eq. 16) and 1 − = JS JSU JSK (see Eq. 19) in Table 4 .
Implementation
The algorithms have been implemented in Mathcad 11 and 14 and can be found in Appendix B. Longitudinal wave speeds (Eqs 9-11, Table 2) Pipe 1 
Note:
The matrices are made dimensionless through multiplication with the appropriate unit.
Scaling P/K and σ /E needed? Check transformation matrix TA 
Algebraic transformation matrix S1 (Eqs 12-15)
denom1 1 2 ν1 2 ⋅ ρ f R1 ⋅ ρ1 t ee1 ⋅ ⋅ c12 f c12 f λ12 3 − ⋅ λ12 1 c12 t λ12 1 − ⋅ − := denom1 1.00175243997939 = denom2 1 2 ν1 2 ⋅ ρ f R1 ⋅ ρ1 t ee1 ⋅ ⋅ c12 f c12 f λ12 3 − ⋅ λ12 3 c12 t λ12 1 − ⋅ − := denom2 1.034371775993411 = SS1 1 1 , 1 2 1 denom1 ⋅ := SS1 1 3 , ν1 − c12 t c12 t λ12 1 − ⋅ λ12 1 λ12 3 ⋅ 1 denom1 ⋅ := SS1 2 1 , ρ f c12 f ⋅ 2 λ1 1 ⋅ 1 denom2 ⋅ 1 Pa ⋅ m s ⋅ := SS1 2 3 , ν1 − c12 t c12 t λ12 1 − ⋅ ρ f c12 f ⋅ λ1 3 ⋅ 1 denom2 ⋅ 1 Pa ⋅ m s ⋅ := SS1 3 1 , ν1 − ρ f R1 ⋅ 2 ρ1 t ⋅ ee1 ⋅ ⋅ c12 f c12 f λ12 3 − ⋅ 1 denom1 ⋅ := SS1 3 3 , c12 t 2 λ12 3 ⋅ 1 denom1 ⋅ := SS1 4 1 , ν1 R1 ee1 ⋅ c12 f c12 f λ12 3 − ⋅ ρ f c12 f ⋅ 2 λ1 1 ⋅ ⋅ 1 denom2 ⋅ 1 Pa ⋅ m s ⋅ := SS1 4 3 , 1 2 ν1 2 ⋅ ρ f R1 ⋅ ρ1 t ee1 ⋅ ⋅ c12 f c12 t λ12 1 − ⋅ + ⎛ ⎜ ⎝ ⎞ ⎟ ⎠ − ρ1 t c12 t ⋅ 2 λ1 3 ⋅ ⋅ 1 denom2 ⋅ 1 Pa ⋅ m s ⋅ :=
Algebraic transformation matrix S2 (Eqs 12-15)
den1 1 2 ν2 2 ⋅ ρ f R2 ⋅ ρ2 t ee2 ⋅ ⋅ c22 f c22 f λ22 3 − ⋅ λ22 1 c22 t λ22 1 − ⋅ − := den1 1.00191960332544 = den2 1 2 ν2 2 ⋅ ρ f R2 ⋅ ρ2 t ee2 ⋅ ⋅ c22 f c22 f λ22 3 − ⋅ λ22 3 c22 t λ22 1 − ⋅ − := den2 1.050975381119511 = SS2 1 1 , 1 2 1 den1 ⋅ := SS2 1 3 , ν2 − c22 t c22 t λ22 1 − ⋅ λ22 1 λ22 3 ⋅ 1 den1 ⋅ := SS2 2 1 , ρ f c22 f ⋅ 2 λ2 1 ⋅ 1 den2 ⋅ 1 Pa ⋅ m s ⋅ := SS2 2 3 , ν2 − c22 t c22 t λ22 1 − ⋅ ρ f c22 f ⋅ λ2 3 ⋅ 1 den2 ⋅ 1 Pa ⋅ m s ⋅ := SS2 3 1 , ν2 − ρ f R2 ⋅ 2 ρ2 t ⋅ ee2 ⋅ ⋅ c22 f c22 f λ22 3 − ⋅ 1 den1 ⋅ := SS2 3 3 , c22 t 2 λ22 3 ⋅ 1 den1 ⋅ := SS2 4 1 , ν2 R2 ee2 ⋅ c22 f c22 f λ22 3 − ⋅ ρ f c22 f ⋅ 2 λ2 1 ⋅ ⋅ 1 den2 ⋅ 1 Pa ⋅ m s ⋅ := SS2 4 3 , 1 2 ν2 2 ⋅ ρ f R2 ⋅ ρ2 t ee2 ⋅ ⋅ c22 f c22 t λ22 1 − ⋅ + ⎛ ⎜ ⎝ ⎞ ⎟ ⎠ − ρ2 t c22 t ⋅ 2 λ2 3 ⋅ ⋅ 1 den2 ⋅ 1 Pa ⋅ m s ⋅ :=
Constant initial conditions
Note:
Vectors are made dimensionless through multiplication with the appropriate unit.
Steady-state pressure loss over valve located at z = L = L1 + L2:
Boundary-condition matrices (Table 3, Eq 21)
Note:
Matrices are made dimensionless through multiplication with the appropriate unit. Coefficients α and β Table 4 Pipe 1, z = 0
Constant coefficients α and β to speed up the calculation Pipe 1, z = 0
Junction-condition matrices and vector (Eq 18)
Note: Matrices and vector are made dimensionless through multiplication with the appropriate unit. 
